In this work, we investigate quantum phase transition (QPT) in a generic family of spin chains using the geometric measure of entanglement (GE). In many of prior works, GE per site was used. Here, we also consider GE per block with each block size being two. This can be regarded as a coarse grain of GE per site. We introduce a useful parameterization for the family of spin chains that includes the XY models with n-site interaction, the GHZ-cluster model and a clusterantiferromagnetic model, the last of which exhibits QPT between a symmetry-protected topological phase and an antiferromagnetic phase. As the models are exactly solvable, their ground-state wavefunctions can be obtained and thus their GE can be studied. It turns out that the overlap of the ground states with translationally invariant product states can be exactly calculated and hence the GE can be obtained via further parameter optimization. The QPTs exhibited in these models are studied and detected by the energy gap and singular behavior of geometric entanglement. In particular, the XzY model exhibits transitions from the nontrivial SPT phase to a trivial paramagnetic phase. Moreover, the halfway XY model exhibits a first-order transition across the Barouch-McCoy circle, on which it was only a crossover in the standard XY model. However, the halfway Ising model has no such transition.
I. INTRODUCTION
Quantum entanglement has now been recognized as one of many intriguing consequences of quantum physics. It was nonetheless strongly objected by Einstein in his famous EPR paper [1] . Later, John Bell introduced inequalities that helped to gain more insight about quantum correlations [2] and motivated subsequent theoretical and experimental development [3] [4] [5] . These quantum correlations have since been verified many times in different experiments [4] [5] [6] [7] . Quantum entanglement has also been found to provide resource for quantum information processing [8] [9] [10] [11] [12] and has been increasingly used as a tool for investigation in wide range of physics from quantum computation to black holes [13, 14] . There has been much work done for quantifying entanglement in many-body systems and many approaches have been developed to quantify entanglement in both bipartite and multipartite systems [15] [16] [17] . The entanglement entropy is perhaps the most well known example that measures quantum correlations between two halves of a pure quantum system [15] . Concurrence or the related entanglement of formation, as another example, quantifies entanglement between two qubits, and, among many useful features, there is an analytic formula for that [18] . For multipartite systems, there are various definitions but most of them are not easy to calculate [15] . Thus in this paper we will follow prior works and adopt a particular simple multipartite measure-the geometric measure of entanglement-to quantify entanglement for pure quantum systems and examine how it detects the quantum phase transitions for spin systems [19] [20] [21] .
Phase transition is a phenomenon which describes change in the states of the matter due to control parameters such as temperature or pressure. Boiling of water or water freezing to ice is temperature-driven phase transitions that we experience in our daily life. On the other hand, quantum phase transition (QPT) [22] occurs at zero temperature, and, qualitatively speaking, it involves either level crossing or closing of an energy gap (between the ground and excited states) as the system size increases [22] . In the latter case, there is a diverging correlation length at the quantum critical point. The ground-state wavefunction there is expected to exhibit singular behavior, which can be characterized by how the entanglement changes near the critical point [23, 24] . Therefore, quantum entanglement may be an alternative way to detect quantum phase transition [15, 25] , other than the thermodynamic quantities.
Since we are interested in systems at T = 0, we will be concerned with pure quantum many-body states, |Ψ of N spins, expressed in some local basis, as 
A simple idea to quantify its quantum correlation is to see how close |Ψ can be approximated by uncorrelated product state |Φ = i |φ [i] , and thus the maximal overlap Λ max (Ψ) ≡ max φ s | Φ|Ψ | is a quantity that measures such |Ψ 's closeness to product states. We can choose to use the form E G (Ψ) ≡ −2 log Λ max (Ψ), which we call the geometric entanglement [19, 21] , to quantify the quantum correlations in the state |Ψ . Moreover, in choosing different forms of product states |Φ , one can probe different coarse-grained levels of entanglement, and these represent different hierarchies of quantum correlations:
⇒ entanglement among all sites, In conforming with the intuitive picture of renormalization group (RG) on states (see e.g.
Ref. [26] ), we denote |Ψ as the quantum state of |Ψ after one-step of RG via merging two sites into one, and the entanglement under such a RG procedure should therefore be defined as follows:
where the unitary U is of the form U is equivalent to maximization over two-site state |φ [12] , we have that
and thus we see that the geometric entanglement w.r.t. to product of L-site states is the entanglement of RG after log 2 L steps on the quantum state [27] . However, to calculate different hierarchies of entanglement is generally difficult. But as we see below, the first two in the above, equivalently, the entanglement per site and per block of two, can be calculated for a wide class of exactly solvable spin chains.
The purpose of this paper is three-fold. Firstly, we describe and review the procedure for diagonalizing a large family of solvable spin chains which include the XY models with n-site interaction, the GHZ-cluster model and a cluster-antiferromagnetic model, the last of which exhibits QPT between a symmetry-protected topological phase and an antiferromagnetic phase. We provide a convenient parameterization of these and others, forming the family which we call the generalized cluster-XY models. In diagonalizing the Hamiltonians for finite sizes, we find and illustrate subtle points in getting the true ground state and the energy gap. Secondly, we show how to compute the geometric entanglement per site & per block of 2 sites for such systems and examine the quantum phase transition on the phase diagram. As explained above, this corresponds to the first two steps in the quantum-state RG procedure. One new ingredient here is the calculation of block entanglement per two sites.
Thirdly, we hope that the various examples we include will be of use to readers interested in studying QPT from the perspective of entanglement. We provide both the energy gap and the entanglement for ground state, and use both of them for characterization of quantum phase transitions (if they exist) in various cluster-XY models. We shall see that the family of the models is interesting and displays many peculiar properties, as discussed below. Some of the models have been studied before in terms of entanglement, such as the standard XY model, the GHZ-cluster model by Wolf et al. [28] , and the SPT-Antiferromagnetic model by Son et al. [29] . One new feature is that the three-site XY model (i.e. the XzY model) exhibits a transition from Z 2 × Z 2 SPT phase to a paramagnetic phase [30] . Moreover, among the family of the models, in the halfway XY model we find a first-order transition across the Barouch-McCoy circle, on which it was only a crossover for the standard XY model. However, the halfway Ising model has no such transition. In some of the models, the geometric entanglement displays a weak singularity, i.e., in the form of a cusp, and we can identify the point of singularity as states with infinite localizable entanglement.
The structure of this paper is as follows. In Sec. II, we introduce a parameterization of the generalized Hamiltonian for the cluster-XY model with n-site interaction. With this solution, one can diagonalize many bilinear Hamiltonian by substituting related parameters, quantify entanglement and detect quantum phase transition on the phase diagram. Then we give an illustrative example of Hamiltonian for XY model with n-site interaction using our parameterization. In Sec. III, we introduce the geometric measure of entanglement per site and block for the multipartite many-body systems. We quantify global entanglement by calculating the overlap of ground-state wavefunctions and certain types of product states.
The resultant entanglement will be used to examine quantum phase transitions in the family of the cluster-XY models. In Sec. IV, we study several examples such as XY model with three-site interaction and halfway interaction, whose geometric entanglement has not been analyzed before. The three-site interaction XzY model exhibits transitions from nontrivial SPT phase to a trivial paramagnetic phase. Moreover, the halfway XY model exhibits a first-order transition across the Barouch-McCoy arc, on which it is only a crossover in the standard XY model. However, the halfway Ising model has no such transition. Moreover, we present solutions of paramagnetic-ferromagnetic, GHZ-Cluster [27, 28] , and symmetryprotected topological (SPT)-Antiferromagnetic [29] transitions by using this method. We make some concluding remarks in Sec. V.
II. PARAMETERIZATION OF CLUSTER-XY MODELS WITH N-SITE INTER-

ACTION
Quantum XY model was solved by Lieb, Schultz, Mattis in 1961 [31] and later all the statistical properties were examined by many other authors [32] [33] [34] [35] [36] [37] [38] [39] . One of the most convenient ways to solve spin chain problems in one dimension is to describe the systems in bosonic or fermionic language. For example, one can analyze the Hamiltonian by using Holstein-Primakoff transformation [40] for mapping spin operators to bosonic annihilation and creation operators. On the other hand with the fermionic picture, Jordan-Wigner [41] and Bogoliubov transformations [42] provide a convenient way to diagonalize the Hamiltonians that are intrinsically free fermions.
Motivation of this section is to generalize one-dimensional bilinear Hamiltonians with XY interaction by introducing a parameterized Hamiltonian that describes a large family of quantum spin models whose ground state and geometric entanglement are exactly solved.
Similar model has been discussed by Suzuki [43] , but we provide a convenient parameterization that include further bilinear Hamiltonians. In particular, we introduce a few sets of parameters to describe the Hamiltonians, and diagonalize them to determine the energy spectrum. We also illustrate subtle points in determining the ground state and the energy gap for finite systems.
A. Parameterization of Hamiltonians and their diagonalization
We begin by defining the Hamiltonian for which there are a few types of parameters. We consider translational invariance and only models that are exactly solvable. The parameters N (x) and N (y) are the number of X and Y types of blocks in the Hamiltonian, respectively, and which represent X or Y interaction mediated by Z: X Z...Z
Y . We have indicated the numbers of consecutive Z sites for each block, n and N indicate the system size. We remark that the family of models in this parameterization includes many interesting ones, such as the standard XY model and other interesting ones that have been explored from different perspectives [28, 29, 44] .
Next, we will employ the Jordan-Wigner transformation, which realizes a spin to fermion mapping:
where the fermionic creation and annihilation operators satisfy the canonical fermionic commutation relations {c i , c † j } = δ ij . To impose the periodic boundary conditions for spins, we rewrite the expression σ 
One notices that there are two possibilities to hold the above equation. We define P ≡ N j=1 1 − 2c † j c j as a parity operator with eigenvalues ±1 depending on the total number of spins N . Since this operator commutes with Hamiltonian [H, P] = 0, therefore, we can separate the Hamiltonian into two sector as even and odd, H = H (even) + H (odd) . The first sector (even) has the antiperiodic boundary condition for fermions but the total number of fermions is even,
The other sector has periodic boundary condition where the total number of fermions is odd:
With the Jordan-Wigner transformation, we can rewrite the Hamiltonian in terms of the fermion operators as follows,
As the Hamiltonian is translationally invariant, we then perform a Fourier transformation, and we use a superscript (b) to indicate which of the two sectors: b = 0 is for the periodic (odd sector) and b = 1/2 the antiperiodic (even sector) boundary conditions,
We then use the identities below (where x and y are integers indexing the sites and the notation˜indicates the operator in the momentum space):
Substituting these into Eq. (9), we obtain the following form of the Hamiltonian,
where we define for convenience Θ's,
and α's and β's,
We may sometimes suppress the argument (b) in Θ and the subscript (b) in operators c's, α's and β's, when the context is clear.
To diagonalize this, we employ the Bogoliubov transformation that introduces mixing of fermion creation and annihilation operators,
where the Bogoliubov fermions γ's satisfy the same commutations: {γ i , γ † j } = δ ij . By choosing appropriate angles θ k 's, we can eliminate cross terms γ k γ N −k−2b and γ † k γ † N −k−2b , and obtain the diagonalized Hamiltonian:
where k is the single Bogoliubov particle's energy spectrum,
and the solution to θ k 's (which we also refer to as the Bogoliubov solution) is given by
We emphasize a subtlety in obtaining the ground state and the gap. In order to obtain the true ground state, we have to compare the lowest energy in two sectors b = 0 (periodic and odd fermions) and b = 1/2 (antiperiodic and even fermions). A slight modification to the spectrum in Eq. (17) is when b = 0 and k = 0, and in this case Θ(k = 0) = 0 and thus the k = 0 component in the Hamiltonian (12) is already diagonal
and thus γ Moreover, when N is even, k can take the value k = N/2, and, similarly, the term in the Hamiltonian is also diagonal
and thus γ (17) above. In this b = 0 sector, the total number of fermions should be odd, in order for the boundary condition Eq. (8) to be satisfied. For the number of total sites N being odd, because all excitation k ≥ 0 possibly except k=0 , the lowest total energy in this sector has thus exactly one fermion. However, it is not necessarily the k = 0 mode that is occupied, as when all k ≥ 0 (including the k = 0 mode), it is possible that some other mode k = 0 is the lowest, and it is thus energetically favorable to occupy this mode to achieve the lowest total energy, given the constraint of odd number of fermions. For N being even, the situation can be further complicated by the mode k = N/2 with k=N/2 = 2α
k=N/2 , which can be negative, and the ground state in this sector may have three fermions.
According to the above discussions, the associated lowest energy in b = 0 sector for N even depends on where it is energetically favorable to occupy one or three fermions. In the case three fermions are occupied as the lowest energy state, it must involve (b=0) k=0 < 0 and b=0 (k=N/2) < 0, as well as the lowest of the remaining modes, denoted by
They must satisfy the following condition that
In this case, the lowest energy in this sector is
and its associated wave function is
Otherwise,
and the k * that has the lowest
is often but not necessarily k = 0 or k = N/2; its associated wave function is
But as N −k * = k * , there is a degenerate wave function, by occupying
When N is odd, the lowest-energy state in this sector necessarily has one fermion, but it needs not be the k = 0 mode. The total energy has a similar expression,
Similarly, if the minimum k does not come from k = 0, then the energy is degenerate.
Let us move on to discuss the b = 1/2 sector. In this sector, the total number of fermions should be even, in order for the boundary condition Eq. (7) The lowest energy can arise in two scenarios. First, the simplest case is that there is no fermion. This occurs when
then
But if Eq. (27) is violated with optimal k (and N − k − 1 as well), the ground-state energy in this sector is then degenerate and has the expression
However, there is no such modification when N is even. The lowest energy in the b = 1/2 sector (with no γ fermions occupied) is thus,
with the associated wavefunction being
where we suppress the superscript (b = 1/2) in θ's.
In order to determine the gap above the true ground state, we also need to find the next lowest energy in each sector, in addition to the lowest energies in both sectors E (b=1/2) 0 and
. It is not necessary that the gap is ∆ = |E 
Substituting these parameters into Eq. (4), we obtain the corresponding Hamiltonian,
which can be diagonalized as
and Bogoliubov solution is as follows:
where we define φ k for convenience
and n is the number of σ z term in each X and Y blocks. The above spectrum k , of course, needs to be appropriately modified, for (k = 0, b = 0), (k = N/2, b = 0), and (k = (N − 1)/2, b = 1), etc., as discussed previously. We note that by varying the number of σ z one obtains other models:
We will investigate QPT for these models and others in sections below.
We can also build a different number of Z-mediated sites for each block, such as (n + 2)-site interaction for X block and (m + 2)-site interaction for Y block with the following parameters:
and substituting parameters into H P XY gives the following Hamiltonian:
III. GEOMETRIC MEASURE OF ENTANGLEMENT FOR GENERALIZED CLUSTER-XY MODELS
Entanglement has become a useful tool to study quantum criticality after several pioneering works on the behavior of entanglement near the quantum critical points [23, 25, [45] [46] [47] [48] .
Many of the previous works on entanglement investigated the domain of bi-partite systems.
The geometric measurement of entanglement, introduced earlier, was based on a work of Barnum and co-workers [19] and developed further by Wei and collaborators [20, 21, 29, [49] [50] [51] .
The main idea of analyzing entanglement is to find a minimum distance between the entangled state |Ψ and suitably defined product states, such as
An essential quantity is the maximal overlap,
from which we can define the geometric entanglement
and the entanglement density
where N denotes the total number of sites. We note that for GHZ states, Λ max = 1/2 and thus E
(1)
Similarly by properly defining the product state, we can define the geometric entanglement among blocks with each block containing 2 spins, E (2) G and its density E (2) , as discussed in the Introduction. In the following section, we present derivation of the overlaps for these two scenarios.
A. Geometric Entanglement per site
Here, we review the derivation of the overlap of the ground state with a product state, comprised of product of single spin states: |Φ 1 = (a |↑ + b |↓ ) ⊗N which can be written as fermions by applying the Jordan-Wigner transformation
where |Ω is the vacuum with no c fermions. Using this fact, we can further simplify the expression 
in the momentum basis. Notice that we can relax the limit i < j in the sum to i ≤ j, as c † i c † i = 0. For simplicity and for the purpose of illustration, we consider quantum XY model with nearest neighbor interaction with N being even, and consider the odd sector, i.e., c j+N = c j and thus using the following Fourier transformation
Noting that
we arrive at
The coefficient of the first term is symmetric in (k, k ) and thus the sum makes no contribution, and we can symmetrize the second term, obtaining
Thus, we have rewritten |Φ 1 in terms of fermionic language,
and we can choose an arbitrary normalizable constants a = cos . Note we assume the product state is also translation invariant.
In most cases in the thermodynamic limit, the ground state is in the sector of b = 1/2 with no fermion, i.e. |Ψ 1/2 . So we will calculate the overlap Φ 1 |Ψ 1/2 in order to obtain the entanglement for |Ψ 1/2 . It is convenient to rewrite |Φ 1 in the similar pairing form as the ground state for the even N case,
and thus we arrive at the overlap for even N
Maximizing log 2 | Ψ|Φ | 2 over ξ, we obtain the geometric entanglement Eq.(43) and the entanglement density.
One important point of the above calculations is that the product state can be expressed in terms of pair creations from the vacuum, in the same manner as the ground state. We shall see in the next section that for a different type of product states consisting of pairs of sites it is of the form of four-particle creations from the vacuum. Similar to this, the ground state will be conveniently re-expressed as creation of two corresponding pairs to match the structure.
B. Geometric Entanglement per block
If we define the product state to be composed of tensor product of states for blocks of spins, we can investigate the geometric entanglement among these blocks as well as the entanglement per block. Each block can consist of L spins. For L = 2, we write product state, where coefficients a, b, c, d below are normalized but arbitrary constants.
Using the Jordan-Wigner transformation, we can re-express the total product state |Φ ≡ ,2i] as follows:
where |Ω is the vacuum with no c fermions, and we have assumed here that N is even. We note that we have introduced a parameter c, which should be clear to distinguish from the operators c's (which carry a site index). Using the fact that the operators c's annihilate the vacuum, we have
where we have defined b ≡ b/a, c ≡ c/a, and d ≡ d/a. Employing the trick used earlier to bring operators to the same exponent, we arrive at
As we also have the two lowest states |Ψ b (b = 0, 1/2) expressed in terms of fermionic basis, we can evaluate the overlap Ψ b |Φ in a straightforward, though tedious manner. Note that in the sum i<j , we can safely put the limit as i≤j , as when i = j, the term vanishes.
Thus we need to evaluate
, as well as
in terms of momentum sum. The calculations are as follows:
where (. . .) ≡ δ k 1 +k 2 +1,N + δ k 1 +k 2 +1,N/2 + δ k 1 +k 2 +1,3N/2 . There are three Kronecker delta functions, the first of which, δ k 1 +k 2 +1,N , represents the same pairing (k, N − k − 1) as the ground state. The latter two, δ k 1 +k 2 +1,N/2 + δ k 1 +k 2 +1,3N/2 , however, do not correspond to the same pairing, but instead correspond to terms broken from two pairs of (k, N − k − 1)
We then collect those quadratic operators in the exponential of |Φ in the following form
This division of operators into four groups facilitates the calculation of the overlap. At last, the overlap reads: By maximizing log 2 | Ψ|Φ | 2 over parameters a, b, c, d we can obtain the entanglement per block. In the thermodynamic limit it is written as
Here we assume the closest product state is product of identical two-spin state.
We note that the above expression will reduce to that for the single-site product states when we set the two-site state
namely, we set a = α 2 , b = c = αβ, and d = β 2 . In the case of antiferromagnetic ground state, we can no longer assume the single-site product states to be translationally invariant.
with following parameters: a = αγ, b = αδ, c = βγ, d = βδ where |α| 2 +|β| 2 = |γ| 2 +|δ| 2 = 1, which comes from a product state of two sites (α |↑ + β |↓ ) (γ |↑ + δ |↓ ).
IV. EXAMPLES
After having introduced parameterized exact solution and calculated the overlap for entanglement of cluster-XY Hamiltonians, we examine a few examples.
A. The anisotropic XY model with three-site interaction (XzY model)
The first model analyzed using the geometric entanglement is the celebrated XY model, done in Ref. [21] . As a first example in our calculation, we present the solution of the anisotropic XY model with three-site interaction (XX and YY, each mediated by one-site Z term) in the transverse field and the ground-state entanglement. The similar Hamiltonian has been studied in triangular optical lattices [35] [36] [37] [38] . The model in one dimension is exactly solvable. We find that near the critical point, the global entanglement shows divergence and QPT occurs between paramagnetic and ferromagnetic phases in the same way as in XY model in the transverse field, also consistent with the behavior of the energy gap. We introduce the following quantities that characterize the model:
Substituting these terms into H P XY (4), we obtain the Hamiltonian for XY Model with three-site interaction (mediated by one-size σ z ):
where r is a magnetic anisotropy constant between σ x and σ y terms with 0 ≤ r ≤ 1. When r = 1 the model reduces the Ising model with nearest-neighbor interaction and in the limit r = 0, it becomes isotropic XY model with three-site interaction. Using Eq. (14) we calculate α k and β k , 
The eigenvalues can be obtained by carefully analyzing odd sector (b = 0, periodic boundary conditions) and even sector (b = 1/2, antiperiodic boundary conditions) separately, assuming N is even:
or otherwise:
with the corresponding Bogoliubov solution:
tan 2θ But for the XzY model, the ground state is always in the even sector with zero fermion, as illustrated in Fig. 1a . Moreover, for the odd-number fermion case (b = 0), the lowest-energy level in this sector depends on the control parameter (h) and anisotropy constant (r). For The possibility of such peculiarity was discussed in the Sec. II A; see discussions around Eq. (21) . We note that for a finite system size N (even) and r = 0.5, the lowest-energy level in the odd sector has three fermions from negative h values up to about h ≈ 0.4; see To examine the quantum phase transition in the phase diagram, we also calculate geometric entanglement by substituting Bogoliubov solution into Eq. (43) and Eq. (53) . We show the entanglement per site in Fig. 4 over a wide range of r and h. It is clearly seen that the behavior is singular across h = 1, similar to that in the standard XY model [21] .
We illustrate this for two different r's (r = 0.5 & r = 1) in Fig. 3(c) & Fig. 2(c) , as well as the entanglement derivative w.r.t. h in Fig. 3(d) & Fig. 2(d) . The derivative of the entanglement develops singularity which indicates a quantum phase transition. We note that for r = 1 the Hamiltonian reduces to
The model has a Z 2 × Z 2 symmetry, generated by U e = j even σ z j and U o = j odd σ z j [30] . At h = 0, the ground state is known to be the cluster state, which is a nontrivial SPT state.
(One expects this nontrivial SPT order to hold for general n-site mediated Ising model with
symmetry; see Ref. [44] .) At large h, the ground state is a trivial paramagnetic state.
As we have seen that there is a quantum phase transition at h = 1, detected by the gap closing and the entanglement singularity. In fact, the XzY model Eq. (68) at any r has the Z 2 × Z 2 symmetry, and we expect that for 0 < r ≤ 1, the phase diagram contains a nontrivial SPT phase for h < 1 (as there is no phase transition inside that region) and a trivial paramagnetic phase for h > 1, separated at a critical line at h = 1. This compares to the standard XY model, where h = 1 separates a ferromagnetic phase from a paramagnetic phase. We also expect that this is a generic behavior for general n; see also Ref. [44] .
B. XY model with halfway interaction
In the section II B, we have introduced an illustrative example of XY model with n-site Z-mediated XX and YY interactions. For n = 0 and n = 1, we recover the standard 
The energy gap has different characteristics between N = 4m and N = 2(2m + 1), as the former is degenerate and the latter is gapped in the region |h| < √ 1 − r 2 .
XY model and the XY model with three-site interaction (XzY model) investigated in the previous example. In this part, we demonstrate how a specific choice of site interaction, n = N/2 − 1 (halfway interaction) exhibits different behavior from that of, e.g., n = 0, 1 and can prevent quantum phase transition in the halfway Ising limit (r = 1) from appearing. This is a rather interesting result since except at this arbitrary point (n = N/2 − 1), the XY model exhibits a quantum phase transition for each n-site interaction (See Fig. 5a ).
Moreover, we also discover a first-order phase transition in the XY model with halfway interaction in the region of 0 ≤ r < 1. (Of course, in order to have the halfway interaction, the system size N must be even.) In this limit, the transition occurs at the Barouch-McCoy circle [53] , namely r 2 + h 2 = 1. For example, in the case of r = 0.7 the phase transition occurs at h c = √ 1 − 0.7 2 ≈ 0.714 as illustrated in Fig. 5(b) . However, the halfway Ising model has no such transition. We note that for the standard XY model, the Barouch-McCoy circle represents only a crossover that divide the ferromagnetic phase into two regions. Here, for the halfway interaction, the circle represents a curve of first-order transition points.
First, let us define the parameters that give the XY model with n-site interaction
yielding the corresponding Hamiltonian: tan 2θ
In the case of halfway interaction, we substitute n = N/2−1 to simplify Bogoliubov solution for even (b = 1/2) and odd sector (b = 0): tan 2θ
tan 2θ
with following energy spectrum for even N and b = 1/2, and for odd N and b = 0: or otherwise:
To obtain the ground state and the first excited state, one should examine even and odd sectors carefully. This model shows vacua competition [39] similar to the standard XY model, meaning the odd and even sector switch the roles of being the true ground state depending on h. This competition is lifted in the Ising limit where r = 1 and the ground state is certainly constructed from the even sector (b = 1/2) with no fermion, except when N = 2(2m + 1) and at h = 0, another degenerate ground state is from the odd sector with one fermion; see Fig. 7 . In the case of r = 0.5, the switching happens around h ≈ 0.86.
The ground state becomes dominated by the odd sector in the range −0.87 ≤ h < 0.87, but outside that range the ground state comes from the even sector (b = 0) with zero-fermion occupation; see Fig. 6 . In particular, for −0.87 ≤ h < 0 and with N = 4m, the lowestenergy level in the odd sector has three-fermion occupation instead of one fermion, as it is energetically favorable to occupy three fermions in the even sector rather than just one fermion. But in 0 ≤ h < 0.87, the lowest one-fermion and three-fermion states become degenerate. For N = 2(2m + 1) and −0.87 ≤ h < 0.87, the lowest energy is dominated by the one-fermion state in the odd sector. This phenomena was anticipated earlier in Eq.
( [19] [20] [21] [22] . Using these equations we also calculated lowest energy for the odd/even sector and the true energy gap which can be seen in the Fig. 6 . All of these suggest that there is a first-order phase transition for the halfway XY model with 0 ≤ r < 1, as the transition is due to a level crossing. However, for r = 1, the halfway Ising model does not have a phase transition.
There is an interesting picture that emerges. In the standard XY model in a transverse field, there is a crossover curve, the so-called Barouch-McCoy circle, given by r 2 + h 2 = 1 [53] . The crossover curve divides the ferromagnetic phase into two regions: (i) inside the arc, the spin-spin correlation functions display oscillatory behavior, (ii) outside the arc, the correlation functions has no oscillatory behavior. On the arc, the ground state is essentially a product state, also detected by zero geometric entanglement previously in Ref. [21] . Here for the halfway XY model, the crossover arc, r 2 + h 2 = 1 is promoted to a first-order transition curve, due to the mediated long-range Z string of a specific length n = N/2 − 1. Thus the transition field h for r = 0.5 is h c (r = 0.5) = √ 1 − 0.5 2 ≈ 0.886, agreeing with our calculations of the energy gap in Fig. 6 . This works for other value of 0 ≤ r < 1 as well, see As the transition in the halfway XY model is first-order, one expects that the entanglement will have a discontinuity at the transition, as it is caused by a level crossing. In this other Ising models with n-site interaction, the ground-state wavefunction comes from the even sector without a fermion, and for that the overlap has been calculated in Sec. III, and hence the geometric entanglement (per site and per block of two sites) is readily available upon simple parameter optimization. As shown in Fig. 8 , the entanglement develops a cusp behavior at h = 0 and giving rise to a jump in the derivative. However, this 'weak' singularity is a result that the entanglement is symmetric w.r.t. h = 0, but it immediately decreases as soon as h deviates from 0 (i.e. with a non-zero slope). As shown in Ref. [44] , at h = 0, the state there is the generalized cluster state, which exhibits the same geometric entanglement as the cluster state, and is expected to display the infinite localizable entanglement length [54] . Even though there is no true phase transition in the usual statistical mechanics, but there is one peculiar transition there proposed by Verstraete, Martin-Delgado and Cirac [54] in that the localizable entanglement length is infinite. This kind of transition was shown to be detectable by the geometric entanglement, displaying the weak singularity, such as the cusp [51] . 
The model exhibits quantum phase transition at g c = 0, and the ground state there is the Greenberger-Horne-Zeilinger (GHZ) state. At g = 1, the Hamiltonian is proportional to j σ z j where all spins are in the z-direction; this is a paramagnetic phase. At g = −1 the ground state is a cluster state (disordered phase), and the Hamiltonian has a Z 2 × Z 2 symmetry. The cluster state is a representative nontrivial Z 2 × Z 2 SPT state. However, the model only has Z 2 symmetry at g = −1. Here we also obtain the exact energy spectrum for this model using Eq. (17) (18) (19) (20) (21) (22) (23) (24) (25) (26) (27) (28) (29) (30) and analyze how the ground and first excited states are composed of by examining odd/even sector and number of fermions occupation. If we restrict ourselves to the region −2 < g < 2, we find that the ground state comes from the even sector (b = 1/2) with no fermions and the first excited state is constructed from the odd sector (b = 0) with one-fermion occupation. The ground state in the model does not have threefermion occupation in any finite g, see Fig. 9(a) . We point that for any system size N (even), the energy gap is equal to ∆E = 8g 2 in the regime of −1 < g < 1; otherwise outside that range the energy gap is always ∆E = 8, regardless of the system size. As already shown by construction in Ref. [28] and confirmed here by calculation, the ground-state energy displays no singularity at the critical point g = 0; see Fig. 9 (b). It is a peculiar type of quantum phase transition, as emphasized in Ref. [28] .
Figure 9(c) shows the global entanglement upon using the solution which we derived in the previous section. It contains the global entanglement per site (red, dashed) and per block (black, L=2). One can examine the derivative of the entanglement [27] to see the divergence near the critical point. As shown in Fig. 9(d) , the quantum phase transition is detected at the GHZ point (g = 0) by the behavior of entanglement. We note that at g = −1, the entanglement per block shows a cusp behavior, but there is no true phase transition there. However, there is a transition there in the sense of infinite localizable entanglement length [54] . As remarked earlier, this kind of transition was shown to be detectable by the geometric entanglement in the form of weak singularity, such as the cusp [51] .
D. SPT-Antiferromagnetic transition
At the last example, we examine a particular quantum phase transition [55, 56] between a symmetry protected topological order and an antiferromagnetic phase by using the same method we derived. In order to construct the Hamiltonian, we choose one X and one Y block and set h = 0 to eliminate the transverse-field term. Parameters of the model considered are shown as follows:
which give the following Hamiltonian:
By substituting above parameters into Eq. (16) we obtain the diagonalized Hamiltonian with the following Bogoliubov solution:
The exact energy spectrum can be obtained by utilizing Eq. 
The even sector (b = 1/2) with no fermions corresponds to the ground state energy for finite system size N (even) whereas the first excited state comes from the odd sector (b = 0) with one fermion occupation Fig. 10(a) . The energy gap in this case can be obtained by calculating ∆E = E b=0 − E b=1/2 which is approximately 2(1 − |λ|) in the region −1/2 < λ < 1/2 for small system size (N ). In the thermodynamic limit (N → ∞) the energy gap becomes ∆E = 1 − |λ| 1 + sgn(1 − |λ|) for all regions −∞ < λ < ∞. The critical point λ = 1, can be deduced from the energy gap in the thermodynamic limit; see Fig. 10(b) . The entanglement derivative w.r.t. λ clearly also shows a divergence at λ = 1 as N increases. This is a QPT separating an SPT phase and an antiferromagnetic ordered phase. The representative state in the SPT phase is the 1D cluster state [57, 58] . We remark that there is a weak singularity in the entanglement per block around λ ≈ 0.94, but we cannot identity the state there and do not know the nature of this singularity. It might be a transition in localizable entanglement, but that requires further investigation.
Beyond reproducing results by Son et al. [29] , we also examine a slight variation of the model, where, instead of XZX, the halfway interaction for X blocks is considered, as shown in the following Hamiltonian: .
The geometric entanglement still gives singularity at the critical point λ = 1, where quantum phase transition occurs (See Fig. 11 ). This is in contrast to the halfway Ising model with a transverse field, where somehow the halfway interaction prevents the QPT in the model, as discussed in Sec. IV B.
V. CONCLUSION
In this work, we introduced a convenient parameterization for a general class of exactly solvable spin chains, which we called the cluster-XY models. We reviewed the procedure to diagonalize these spin chains and obtained the energy spectrum, the ground-state energy, the ground-state wavefunctions, and the energy gap. We illustrated subtlety in determining the true ground state, as it can come from two different sectors, with different number of fermions. The quantum phase transitions can be studied from the energy gap in the thermodynamic limit. Furthermore, we employed the geometric measure of entanglement per site/block for quantifying entanglement in the multipartite system. We presented detailed calculations for the overlap of the ground states with two different types of product states.
From this, we examined global entanglement near the quantum critical point and investigated the quantum phase transition in several illustrative models, that include the three-site interacting XY model, the XY model with halfway interaction, the GHZ-cluster model, and the SPT-AFM models (and a variation of the last model).
Among the above models, the XzY model possesses a Z 2 ×Z 2 symmetry and exhibits transitions from nontrivial SPT phase to a trivial paramagnetic phase. Moreover, the halfway XY model exhibits a first-order transition across the Barouch-McCoy circle, on which it is only a crossover in the standard XY model. However, the halfway Ising model has no such transition. The GHZ-cluster model was constructed in Ref. [26] to exhibit a QPT but without singularity in ground-state energy. Geometric entanglement is able to detect such QPT [27] . The SPT-AFM model is an interesting example that has a transition between a symmetry-protected topological phase and a symmetry-breaking phase, constructed by Son et al. [29] and we not only reproduced the entanglement per site but also presented the entanglement per block. Both quantities display singularity near the critical point. Furthermore, we also studied a peculiar variation, where the cluster interaction XZX is replaced by a halfway interaction. In contrast to the halfway Ising model, this halfway SPT-AFM model exhibits a QPT. Our study on arbitrary n-site XY model generalizes previous study on the XY model via the geometric entanglement [21] . The examples we gave demonstrate the usefulness of our general results on entanglement in the family of the generalized XY-cluster models.
Regarding the entanglement per block, we were able to obtain analytic results for a block of two sites. The two-site state can be generally entangled, but can also be set to be a product state. The latter is useful for the geometric entanglement per site in the case of antiferromagnetic ground states, as the globally closest product state cannot be translationally invariant. Even though numerically one can compute per block of any number of sites, it would be interesting to derive analytically the overlap with block product state with any number of sites in a block. Then the entanglement under RG can be studied in further details. We leave it for future exploration.
